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Lemma 10.1. Let f be any feasible (s, t)-flow, and let (S, T) be any (s, t)-cut.
The value of f is at most the capacity of (S, T). Moreover, |f| = ||S, T|| if and
only if f saturates every edge from S to T and avoids every edge from T to S.

Proof: Choose your favorite flow f and your favorite cut (S, T), and then follow
the bouncing inequalities:

W
IfI=23f(s) \/ [by definition]

= Z af (v) [consérvation constrajint]
veS

= ZZf(\HW) — sz(“ﬂ') math, definition of 3]
vesS w vES U

= Z Zf(v—w) — ZZf(u—»v) [remgving edges from S to S
VES WS VES ugs

= Z Z fly-w) — Z Zf(uHV) [definition of cut
veS weT veS ueT

< Z Zf(v—wu) [because f (u—v) = (]
veS weT

< Z Z c(v-w) [because f (v—w) < c(v—w)]
veS weT

= IS, Tl

[by deffnition]

In the second step, we are just adding zeros, because df (v) =0 for every vertex
v € S\ {s}. In the fourth step, we are removing flow values f(x—y) where
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Figure 10.7. Edmonds and Karp's bad example for the Ford-Fulkerson algorithm.
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Figure 10.7. Edmonds and Karp's bad example for the Ford-Fulkerson algorithm
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