
CSCI 3100

Graph Npttod
problems



Announcements

FOR hours today
=Next HW - more NP - Hardness

+ oral grading



Lastly
NP - Hard problems :

- SAT
Cckcnitstt )

- 3 SAT
- Independent Set

Howl Reductions !

To prove any other problem
A is NP - Hard

,
will use a

reduction :

Reduce a knownProblem # Npttrd



Nato: Clique #

A clique in a graph is
a subgraph which is

complete - all possible
edges are present .

How could we cheek if 6
has a clique of size K ?

Take all size K subgraphr,

check if all edge are

Present b/t those vertices :

00
"

' '

( k) .k•n=O(kn" y



Decision version : Does 6 have

Input
:

qakd
'Ve ofsizek ?

Output : Yeshv .

that :

�1� In NP .
 why ?

Given the Krokus in the

clique ,
I can verify

all edges are present
In Oink ) .



�2� NP-Herd_ :

What should we reduce to
K - clique ?

Indset : Given G&k
are there K vertices
if no edges bttten ?

±#÷F⇒s
Given G

,
create I

,

the Complement EG :

G- will have same•

vertex set as 6

° ee E ←→ eel 6

#6#hE#.gE



So :

Oai )
a

G has ind set of size K

L⇒ G- has tdque¥ if 6doesn't haie edges
b. It K vertices

,
G- will

( a via versa )
Conversion : OCND time



Next : Vertex Cover :

A set of vertices which

touches every edge in 6
.

Kdd decision version ) :

Given 6 ok
,

does

6 have a cover of
size K ?

InNP=

Given Kveranda ,

check in O( m ) true

that all edges are
"

covered
.

"



t.PE : reduce what ?
( propablg clique or nd set ! )

# : Itf
,

§↳¥⇒depentgnstz

i¥o÷**#
V - S I avrlex

cover !
- edges either go

from S

to VS
,

or stay in US



So simple reduction !

Given G a K to ndep .

set
,

ask if F vertex cover

⇒

Pf
she n - K

.

Spps nd set of she

K ⇒ vertex cover

of n
- K

€ : If cover of she

n - K
,

that means

no edges blt any
of

K votes not in cover

⇒ end set of site K
,

eoa )



Next : Graph Coloring
A keolorig of a graph G

is a map :c :V→{ 1..,k}
that assigns one of K

" colors
" to each vertex so

that every edge has 2
different colors at its

endpoints .

Goal : Use few colors

Peterson
15

3-
colorable



Aside : this is famous !

Ever heard of map coloring ?

i¥¥*
•

•

Famous theorem : 4 color than

Every planar 6 is

4 - colorable .



thm : 3- colorabihty is

NF complete .

(Decision version : Given G
,

output yesfno )

InNP:_
Give you

a coloring
c : V→{

list ,
-

in 067check no edges
blt votes of

same
color

.



NP -ltrd
Reduction from 35ft

.

Given formula for BAT OI ,

will make a graph Get .

OI will be satrsfabk

# Got conzkeotored
.

Keynote : Build gadgets !

�1� Truth gadget - one

TOoo*•IEEE:
" true

"

color
.



�2� Variable gadget -

one per SAT variable

Cn total )
@ ¥30IEE.me

£
one of these will

be colored trueffabe

both Xi&X .

can't
&

be true



�3� Clause gadget :

For each clause
, join

3 of the variable vertices

to the
"

true "
vertex from

the truth gadget .

a- an

'

wayT.mg#*oi
50-6 -0

% 1

idea : If all inputs are colored
False

,
Can't 3 - color :

Case analysis



3 color 'y¥¥E is

satisfabkpf:



Final reduction image :

#÷*s

(
clause gages



Time to build Got :

3h on vertex gadgets

04 ) on tnk gadget

0cm ) to build clause
T edges

# clauses

Sf :

ocntm )
on



Next time :

- Morereductions
- Plus some non - graphproblems !


