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NP - Hardness &

( more ) reductions



Announcements
- Next HW - due on papernext Wednesday

- HW after will be
oral grading 2 > Friday Nov 17

- Offa hours Friday :

10 - 11 am

12 - 1

pm

- No class Nov
. 27

look for reading assignment



Recall .

* problem is N.ttComplete
If it is both :

:

In NPE A "

yes
"

answer

can be checked in

Polynomial time

° NP . Hard :

via reductions



That : (Cook - Levine )
→ Circuit SAT is NP . Complete

" Proof : We can turn #
Turing making into a

circuit .



To prove any other problem
A is NP - Hard

,
will use a

reduction :

Reduce a knownProblem # Npttrd

e¥ED→g↳¥oeO¥⇐I¥n
Polynomial

]



Thm : SAT is NP . Complete
↳ logical sentences

# :

. In

Ggjbp;
@ E) ^(a⇒CbncDoo .

Given a set of boolean

Inputs ,
linear time to

compute output
° NP - Hard : reduce CRCUTSAT

to SAT :

For each gate ,
can write

a formula:#EEK'←oe¥⇒ie⇒



More carefully :

1) For any gate ,
Can transform :

⇐Dee:#iuasnbpogde;=Dt:⇐ avb )a-Dot: ( d- - =)

2)
'  '

And
"

these together ,
+ want final output
true :

0 0

0

0
°

o



Is this poly - size ?

Given n inputs & m gates :

variables : ftp.gpauffntm
Clauses : 1 per gate

Size of SAT formula :

mtntm
= O( Mtn )

End reduction :

(Hoet "
n

"

is total input six )



Net : 3SAT :

a restricted version of SAT

Dft : Conjunctive Normal From AN F)
t t

Ty y t
' '

OR
'

's " and
"

ZSAT SAT restricted to beTINF
r exactly 3 literals

per clause

( avbvc )^ tavdvx )n ...

~
3 literals



That : BAT is Npttrd

¥ : Reduce arcuitstt to
3 SAT .

Need to show any
circuit

Can be transformed to
CNF form

( so last reduction fails )

steps :

�1� Rewrite so eaohgakhas 2 inputs :

=D -

¥ ±⇒ .



�2� Write formula
,

like in SAT
.

.

3 types :

FEED
y= a

�3� Now , change to CNF :

go back to truth tables

�4� Now ,
need 3 per clause :

\ L 3 4

-



Note : Bigger !

*v

Howbg?_
If exponential,

no

good



5h11 polynomial :

For each gate :

turned into £3 clauses

- ( wrong sites )
> E 4 clause

⇒ E 12 clauses per gate
so_ :

⇒ Ocnth ) size



NextProb6m=

Independent Set :

A set of vertices in a

graph with no edgesbetween them :

x
D

×

×

oa¥⇒#a.

decision version :

Given 6 & # K
,

is

there an indep set
of size ZK ?

In NP : Given K votes;
Check if any edges blt then

.



Challenged: No booleans !

But reduction needs to
take known NP - Hard
problem - build a

graph :

gatherers ;
??

we 'll use 3SAT

( but stop and navel
a bit Abta

. )



Reduction
-

:

Input is ZCNF boolean
formula

.#a#o¥ 

¥

�1� Mace a vertex for each
literal in eat clause

�2� Connect two votes if :

- they are in some

clause

-

they are a variable +

its inverse



Example

:O
0 0 0

0offO

0



Claim# mula ( s Saks fable
⇐

G has independent set
of size n Eyat#fe§

clauses

# ⇒ Say have a sahsfyiy
assignment .

Each clause has at
least 1- true variable

.

Choose He corresponding
voter in G to be

In an independent set :

1 per
"

triangle
" clause )

know no 2 are connected
,

since satisfying assignment
means X is true

( so I won't be )



So
,

must have mdep
Set of size

exactly = # of clauses
.

€ : Start 4 indep set

in G

,
of size m .

6 has Is : means indep
set choose El per triangle .

⇒ exactly 1- per
D .

Since ladep set
, never

choose both × + I

in different clauses
.

Build sat . assignment by
marking all vertices in

mdep . set as true
.

c. Hers don't maker )



§
-

Tzk(
> a¥¥E¥m⇒

Knot 35 AT

circuit SAT%dependent set of seek

↳ are Npttrd


