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Hardness &

Undead ability



today
- HW due

- Offa hours today :

R - 2:30



Fundamental question.
Are there

" harder "

problems ?

How do we rank ?

- Polynomial
- Unsolvable ?

Undeadabilyi
Some problems are

impobk to solve !



Theltalhngproblem:

Given a program P and

input I
,
does P halt or

run forever if
given I ?

Output : True ) False
( Utility should be obvious ! )
Note : Can't just simulate

P on I . Why ?
We 'd never output

False !



Tnm[Tunngl936]_:
The halting problem is

an decidable .

( Thatdasnneg,§fghalgorithm
Proof : by contradiction -

suppose
we have such a

program h ;

h ( BI ) = { tonifpphalb0 otherwise

*
x. X )



Now define a

program gthat uses h :

g( X ) : = if h(X,X)=o

-

elserekcknnap

.

]
loop forever

The contraction : What does

gl g) do ?

Calls hl g. g) :

*3150kHz'

#Yes .

then g (g)
should

pun forever !

If hlggko ,
then

g
on

input g runs forever
.

But py dfn of

g ,
should

return 0 + halt
.

Either way , impossible pm
behavior

.



so.i.hr#xt?
Clearly , many things are

solvable
.

In polynomial time
.

Some things are impossible .But
- what is in between ?

Ideasome things require
exponential time

.

• sub exponential
( but Super polynomial)
eg

. 2 'T

↳ factoring



The first problem found ;

Boolean circuits

( no cycles )
I × '^×4 @ # Xz

0
7 Xz

: :en a set of inputs ,
can

clearly calculate output
in linear time ( in # inputs t#gates) :
How ? ' '

reverse
"

BFS
" "

Ocmtn )



Q : Given such a boolean
circuit

,
is there a set

of inputs which result
in TRUE output ?

True?

Known as CIRCUITSATISFIABILITY

( or Circuit SAT )



Best known algorithm :

Try all 2
"

possible
inputs .

Running time :

2n×0(m+n )
↳ OH )

Note :



P.NL?tco-NP_
Consider only decision problems :

so Yes/No output
I : Set of decision problems

that can be solved in

polynomial time .

Et : - Is list sorted ?
- Is × is list ?

- Is L Is of length K?
- Is there a flow of value

K in G ?

NI : Set of problems such
that ,

if the answer is Yes
+ you hand me proof ,
I can verify kheck in

polynomial time .

Ey : - Circuits AT

Codi can check " No
"

answers



pff : NF Hard

*¥¥¥÷¥IE÷¥e@So if any NP . Hard problem
Could be solved in polynomial
time

,
then all of NP

could be
.

( Paths story in reading . )



Co-owner :

Circuit SAT is Npttrd
.

Polynomial heirarohy
NP . Complete÷

In NP

- And NP . Hard



tpfergyehpn.pt#rd-ofA_:#
a known Npttrd

problem to A
.

~ > Y¥¥tDg⇐¥i0⇐ian

Polynomial
]



We've seen reductions !

EEDE.in#EE*EE

O( doctor scheduling )

EOf network flow)



This will feel odd
, though :

To prove a new problem
is hard

,
We 'll show

how We could solve a

known hard problem
using

new problem as

a subroutine .

W¥?weu
,

if a pay time

algorithmexisted
, than

you
'd also be able to

solve the hard problem!

(Therefore can't be anySuch solution . )



Other NP - Hard Problems :

SAI : Given a boolean
formula

,
is there a

a way to assigninputs so result is 1 ?

Et :

n

Mx
variables

,

m *clausesIn NP '⇐
an assignment ,

can cheek in poly
'time

.



thm : SAT is NP . Herd .

PI : Reduce CIRCNTSAT

to SAT :

÷
ninnwaFoIeIucefJDfsE@FEup.r

untrue ?



So our reduction ?

Tomorrow : More reductions !


