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Flows in graphs



T#o
- Grab a Prada exam

( two cheat sheets this line)

Cede;g¥I¥
> Also fair game

:

Simple examples :

ie Compile #S/BFS ,

SPSS
,

MST ,
ek

.



Maximum Flows + minimum cuts

Efforts
Model of a Soviet railway .

each edge given
a#pacify

how much it

Goal : Find how

cmoiiodhshcopuld

be shipped
( and cheapest way to disrupt

this shipping



More formally :

⇐
en a directed graph with
two designated vertices ,

s and t
.

Each edge is given a capacity de )
.

↳ maximum amount that
Assume can be sent along it

.

-

:

- No edges enters

- No edges leave t
.

-

Every CG )#God :

" integers

Max flow : And the most we

can ship from s to t
without exceeding any

capacity
Min out : And smallest set

of edges to delete in

order to disconnect set



Flows
-

:

A Aow= is a function f : E→Rt
,where fce ) is the amount of

Flow going over edge e.

Must satsfy :

oapadjy
. tee E

, Oefce ) a- < (e)

content
VEV ( besides sat )

,

e.fr#eteoEoFF'

Value (f) = { ft e)
eoutofs

= E fce )
e in lot



Cuts_!
An start is a partition

of the vertices into 2 sets
,

Sandt
,

so that :

. Ses
. tet
• SnT=0

,
suT=V

The capacityof a out

is [ ccut )
mkI¥IeT A

ES

seqO_O⇐To_O4
min cut  is the one

of smallest Capiaty



Intuit rely ,
these are connected :

Consider any=t :

- •@¥g§
any

#low E angst out

why? must leave S
some time

,
+ use one

of the cut 's edges
to do so



An algorithm .

.

Suppose we start with a

0 - flow :

←
ok  for capacity

but Conservation  constraint

naEERIE
.

10 01
¥ f%capacity

How could we increase it ?Agneftntd:

an stpdh . P
.

Find Max de ) for eel ?

send that amount

Y Push flow along some

path .

New flow won't violate
Conbservahon constraint :

send MAX C (e) in -

eep
Out of each vertex

on P .



After pushing on a path :

New flow f '

:

20/2=>0%0seeds.
0 / 24

Could be " stuck "

: need to
un#sk

to get more

flow#
,off,f@⇐



The residual network :

Given a flow network 6
+ flow f

,
construct Gf :

- Keep edge ,
but 4 capacity

CC e) - f( e) A.amount you
- could SHI send one )

- add reverse edge it capacity
FC e) ~ , amount

you could
"

Un - push
"

Gtfnnoy,@di°~¥oeto¥o
4Ee

:

soften
@

o\ a
augment !



Augmenboypaths
Now

, given Gf
, any path

Foods, BE
'

tfogwnefoseeing .

more

0 0

- 0

Let Ibe the new flow :



Prof : If f is a flow ,
then

f '
is shy a feasible flow .

¥ :

�1� Capacity constraints still hold :

He
, Off'Ce) Ede )

of look at edges on P
In GfM¥7 .

ifonp
,

€ ha:yaeTT
:iffy

either increased or decreasedflow
.

Amount up down was E

Max edge in Gf on P .

adding Ede ) - fce )
or subtracting Eff,e )

✓

@ Convention shy holds :

VYEt¥⇒
Egf 'H=e§¥f'6)

#¥ anyatteraton* hides,n&IFoqrep .



So an algorithm : Ford - Fulkerson

MAXFLOW (G) :

( 1956 )

Let He )=O initially He

Construct Gf

↳¥ug¥I¥Ehdag¥.EE#F@e
return f

Need to show

÷terminates
- returns Max flow



Leinma : At each stage ,
flow a

residual values are

integers .

# all capacities are

integers.

End a paph↳ bottleneck edge IS
also integer value

In Gf
, only integer
edges

( repeat )



Leinma : In each iteration ,

Value ( f ' ) > value ( f )
.

In each Heaton
,

value improves
PI :



Lemma : Thewhile loop Halts
- after Ocvaluecft ) ) iterations

,

where f* is a maximum flow .

# Runningtime is :



Note : This is the best we

can do !

@# Fta
#

worst path :

To do better
,

need to consider
how to choose a

"

good
"

augmenting path .



thm : The FF algorithmterminates with a maximum

flow
.

To prove this
,

we 'll use cuts !

Fact : For any ST cut
,

Take(f) = fat ( s ) - fin ( s )

More next true ...


